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Introduction

» Time-independent Schrodinger Equation:
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Wentzel-Kramers-Brillouin (WKB)
Approximation

» Semiclassical method for calculating the
wavefunction

» Developed in 1926 by Wentzel, Kramers and
Brillouin

» First derived by a mathematician, Jeffreys, in 1923
for general linear second order equations



WKB Approximation

» Classical Particle:

p(x) =£2m(E ~U (x))

» For a free quantum particle
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w(x)=e
» Gives us “0th order” WKB approximation
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WKB Approximation

» Classically, we want:
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» We get “15t order” WKB approximation
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Quantization Condition

» Energy Levels are the energies for which there are
bounded eigenfunctions:
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Quantization Condition
» Matching decaying solutions only possible if:

;[p(x) dx = (n — %jﬂ'h

» Wave function has completely disappeared!

» Corresponds to Bohr-Sommerfeld quantization rule
used in old quantum theory



Example: Homogenous Potential

» For a U(x) = x2X, this can be solved to get:
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Numerical Results
» For U(x) = x4 and n = 1 we get:
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WKB to Higher Order

» Make substitution:

y(x,17) = eXp( f 5(x,17) dx)

» Schrodinger equation becomes:
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» Take power series

S(x,n) = 77_1S_1(x) +85,(x)+ nlSl(x) + ...

» First two terms give WKB approximation



WKB to Higher Order

» We get recursive relation

ds,
_Sl+1:_ [ZSSIJ d j

» Dunham quantization condition [2]:
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Numerical Results
» For U(x) = x4 and n = 1 we get:
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Further Applications of WKB Method
» Applicable to 3D central potentials
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» Quarkonia Spectra [3]
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Further Applications of WKB Method

» Calculate tunnelling and reflection coefficients

» Gamow theory of alpha decay (1928) [4]
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Further Applications of WKB Method

» False Vacuum Decay [5]
» Black Hole Thermodynamics [6]
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Further Applications of WKB Method

» Method generalizes to other ODEs Strong Alles Effect
» Inflationary Cosmology [7]

» Black Hole Dynamics [8]
» Population Dynamics [9]
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Conclusion

» WKB method is a useful calculation tool

» Can be used to quickly and accurately calculate
eigenvalues

» Widely applicable to many problems in physics
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